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ABSTRACT OF THE DISSERTATION

Flutter Control
with Unsteady Aerodynamic Models

by
Shyang Chang

Doctor Of Philosophy in Engineering
University of California, Los Angeles, 1984
Professor A.V. Balakrishnan, Chairman

This dissertation deals with a generic problem for
aircrafts control laws for flutter suppression. Until
recently, the system frequency response was approximated
by rational functions so that the finite-dimensional L~
Q-R theory could be applied. However, discrepancy
between theory and practice, especially in transient

response, has led to renewed interest in the problem.

It would appear that the L-Q-R theory would need
infinite dimensional state space models. In this
research, we first develop a time-domain model for
unsteady aerodynamic loads and then couple it with a
lumped model for the structural dynamics. We show that
the solution to the resulting input-output system,

characterized by integro-differential equations, can de




endowed with a state space which is a reflexive Banach
space, and the state equations have a unique semigroup
solution. We go on to examine the input-output stability
for such a system. We show that input-output stability
need not imply stability of the states. By a suitable
approximation of the Sears function near the origin, we
show that the infinite dimensional (LZ) L-Q-R theory can
be applied. We derive optimal feedback control laws
ensuring "weak” stability of the states, as well as
input-output stability.
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| CHAPTER 1
L INTRODUCTION

This dissertation is in the general area of modell-
ing and control of aircraft flutter problem. Unsteady
N aerodynamics is also studied because of independent
interest.

L NATURE OF THE FLUTTER PROBLEM

N Aerodynamic flutter refers to a subject that has

- developed from the earliest days of manned flight.
Flutter is an unstable motion due to the interaction
between structural vibrations and the aerodynamic forces

which results in the extraction of energy from the air.

>

oy It occupies a prime role in current design in the whole

s

o spectrum of advanced aircraft, missiles and spacecraft.

The field is also one of great inherent interest as a

i L RN

:‘I‘*l :

scientific and technical discipline.

The techniques required involve the study of un-

- steady aerodynamics for arbitrary motions, structural

E_ dynamics due to unsteady loading, and aerodynamic loading
éf caused by control surface motion. The primary design

hd goal is structural stability. Hence, this dissertation
will focus on the modelling of unsteady aerodynanmics,

coupled aerostructural motion and flutter control systems.
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PREVIOUS WORKS

Traditional methods of flutter analysis have pro-
ceeded in three steps: first determining the vibration
modes of the structure without aerodynamic forces pre-
sent; then calculating the aerodynamic forces on the wing
due to simple harmonic oscillations of the normal modes
as functions of Mach number, altitude, and reduced fre-

quency: and finally calculating the flutter boundary.

J.¥N. Edwards [1] and Edwards et al. [2] have ex-
tended the unsteady aerodynamic theory from simple
harmonic oscillations to arbitrary motions using laplace
transform techniques. H. Ashley et al. [3] and E.H.
Dowell et al. [4] present similar formulations involving
inverse Pourier transforms to obtain impulse response
function airloads. These formulations are mathematically
correct, but the calculations are cumbersome and involve
functions available only in tabulated form. Hence few
examples of the exact transient response of airfoils ex-

cited by control surface motion have been calculated.

The first system theoretic formulation of the
problem is due to Balakrishnan [18]. Following his work,
Burns et al [6] have also introduced an infinite-dim-
entional state space, although their approach is based on
retarded functional differential equations.
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OBJECTIVES AND CONTRIBUTIONS OF THIS Y

In order to provide a basis for the analysis of
aeroelastic control schemes, we develop the exact tran-
sient response of a three degree-of-freedom airfoil. The
development makes extensive use of special time-domain

functions derived from a function studied by Kussner
(sears, [5]).

Currently the active control of flutter in flexible
flight vehicles has gone beyond the frequency domain
analysis in an effort to apply linear quadratic regulator
theory to the problem. However most of the works are
confined to finite dimensional theory via rational or
Pade approximations.

The major problems with those approaches are that
(1) the control obtained via finite dimensional approx-
imation is not put back into the original system;
(2) the singularity near the origin will not be seen
after rational approximation.

It is apparent that the problem could not be solved
without the conscientious introduction of infinite dimen-
sional state space. So the first step is to develop a
state space model for motion of an airfoil in two-dimen-

sional unsteady flow, of an inviscid, incompressible

fluid. Then we show that the solution exists, is unique
and depends continuously on the initial data. Of part-

.......




icular importance in the context of the present work is
the fact that we examine input-output statility and
L-Q-R theory for such system and thus may provide appro-
prite design tools for flutter suppression problems.

OUTLINE OF DISSERTATION

The mathematical model of unsteady aerodynamics is
presented in Chapter 2. The interaction of aerodynamics
with structure motion is given in Chapter 3. The com-
plete equations of motion are obtained as a set of
coupled, integro-differential equation. In Chapter 4 a
state space model is derived from the integro-different-
ial equation and the well-posedness of the model is pro-
ved. Chapter 5 is devoted to input-output stability and
L-Q-R theory. The final chapter presents the conclusion

of this research and suggestions for future research.
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CHAPTER 2
MATHEMATICAL MODEL OF UNSTEADY AERODYNAMICS

UNSTEADY AERODYNAMICS

The fundamental equations of unsteady aerodynamics
follow from the equation of state and conservations of
mass, momentum and energy. The derivation is presented
in numerous books. We follow the notation, nomenclature

and development of Bisplinghoff, et al. [3].

The exact equation satified by the velocity poten-
tial is

2 2 2
2 1 2 ¢ 24 q
Ve -—3 |—Z+t—+a.v(—) = 0 (2.1)
a at ot - 2
where the velocity vector is given by
q = v° d (2.2)

And the relationship between ¢ and a is given by the un-

steady Bernoulli'’s equation

2 2 2 2
- U 2
2t . (2.2, . (2.3)
Yy-1 2 ot 2

The boundary conditions associated with this pair of
partial differential equations are

BELE L gpo0 (2.4)

and Kutta condition for trailing edges of wings.

RS N
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.::-‘.'-- The general nonlinear equations of potential flow
e
.,.;- are difficult to solve. In order to be able to obtain
0N
N solutions to these equations, it is necessary to use

- small perturbation theory.
- Linearization is obtained by assuming that the body
is thin, so that the velocity vector varies only slightly
.. from the free-stream velocity. A disturbance velocity
N potential ¢ is defined such that
-’.‘-‘

R ¢ =Ux + .
:sz;if Then the linearlized partial differential equations for
e
.-\’ unsteady, compressible flow are ( we henceforward drop
*' the ~ on¢, a )

R 2 2 2
S 2 1 a<é 3" 2 ¢
N Ve - =5 +2U ===+ U —37 =0 (2.5)
NN a‘z at? axat ax
J
i Y -1 [0 3
e subject to linearized boundary conditions.

- TWO-DIMENS JONAL, INCOMPRESSIBLE UNSTEADY AERODYNAMICS
0 As a first step, we confine ourselves to incompress-
-_;'_f ible, inviscid flow only. We will derive a time-domain
model from the dbasic aerodynamic equations and appropri-
b ate boundary conditions (see Balakrishnan [7]).




Consider a typical section as shown in Pig. 2.1,
extending along the X-axis from -1 to +1, with motion
entirely in the X-2 plane. Then the disturbance velocity
potential ¢ (t,x,2) is given by the Laplace equations

2 2
a%¢ . 0°¢ 0 t >0 |Ix) > 1 (2.7)
ax azz ' l

with the boundary conditions:

gtl otem W, (t,x) x| <1, ¢t+> 0 (2.8)
z=

a¢a(:,x.o) + U ﬂs%.z..ﬂ). =0 1lcx<l+Ut ¢t > 0 (2.9)
a¢ag:.1.‘oz + U a¢a: 1,00 -0 t>0 . (2.10)

The boundary conditions (2.8), (2.9) and (2.10) are
the flow-tangency condition, Zero-pressure-discontinuity

and Kutta conditions, respectively.

Pollowing Schwarz ( see Bisplinghoff, et al. [3]),
it is easy to check that the ¢{t,x,2z) below satisfies
equation (2.7).

¢(t.x.z) S - _;; [jilya(t.') tm-l z ds +




1+Ut -1 _8
*.Il Ty(tis) tan™ = d{]'(z.ll)
where v, (t,x) is the circulation on the foil, and
Yw (t,x) the circulation in the wake. They are to be
determined from the given boundary conditions. The
integrals are to be taken in the Cauchy sense.

The nest step is to represent ¢ in terms of the

downwash function Wa (t,x) through the given boundary

conditions.
1 v _(t,£)
3¢ - = - i a_
Y z=o+.- = Wa(t.X) - 2“ [j-l X = E dE +
1+U¢t
Y'(tvE) %
Sl X =T d {2.12)
Moreover,
-%2'(t.x.0+) = % Yo (tex) -l c<cx<l
=4y, (tx)  1<x<leut (2.13)
9¢ +
== (tox,0") = 0 X < =1, x > 1+Ut (2.14)
and that
B
>
A
;,: 8

JONY

. v
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aé -y . 08¢ +
~ 5x (tyx,0) = ﬁ (t,x,0 ). (2.15)
Hence
oty =1 ("
é(t,x,0") = 'Z'S-lYa (t,£)4E  , <l <x <1
1 1 x
=3 [ enaes [y, (e e,
1< x < 14Ut (2.16)
Define
r(t) ssl v, (to)ar . (2.17)
-1

It is clear from (2.11) that

$(tyxo=2) = = ¢ (tyx,2,)

¢ _ 9

3t (toxc'lzl) = -3t (t,x, Iz[).
In particular,

%% (t.x.0+) S - g—: (toxoo-) )

Hence the gero-pressure-discontinuity boundary condition

yields:
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l1 <x< 1+0¢

Uy, (t2) + T (B) =0 (2.18)

and Kutta condition yields

Uy, (t,=1) + T (t) =0

Therefore,

- r'(t)

=y _(t,-1) = Y_(t,1") and is finite.
U a w

From (2.18), v (t,x) must satisfys:

vy (Bex) =P (t=F) (2.19)

Putting x = lt

+\ _ 1 - o
1
*(t+5)
and P(t) = - ——L , t 20, (2.20)
1]
Therefore,

v, (tx) = = (¢ 3 (2.21)

10
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Substitute (2.21) into (2.12), we get

1 v_(t,o0)
- 1
Wa (tex) = = 37 [ j a do

-] X~-o0

1 1ot r’(t+l§2)
-4 —_—VY a5
! ]

1l X =g .
1l Y (t.o)
1 - = -
or Ej-l X =5 do = w. (t.x)
p (Ut re(eeds

= -"‘ (t.x)
t r'(t-y)

| Ty
0 x-=l-Uy
] ¢x <1 ., (2.22)

Since v, (t,17) 1s finite, Séhngen [8] proves that this
integral equation has a unique solution.

11




1
- o 2,]1= 1+
Ya (tex) = = ;Jﬁ {I-l =t (-W‘ (t,2)

+
o

1
1 1+ d
A [

I

This is our basic integral equation.

Let H (o,x ) =.I]\J%é§'—§:I%ﬁs-c>§%; dy
-1

1l
and H (o) = % jlvﬁ H (o,x ) dx

¥ o (say)
0 {-1-Uy

dy)-;}—;— dé}

(2.23)

(2.24)

) (2.25)




.........

Then the equation becomes ( Balakrishnan and Edward, [6])

W (t-y)
1-
Ya (t.x) = 1+: {f Vl—y X -y

1 t
- Jo H(n,x) r*(t-n)dn } , (2.26)
where
r(t) = -2 I lJﬂl-y W, (tuyldy - 5= joﬂ(n)r'(t-ﬂ)dn.

eee(2.27)

Substituting (2.26), (2.21) into (2.11) we obtain the
solution for the disturbance velocity potential.

CIRCULATION ON THE AIRFOIL

With reference to fig. 2.1, let h(t) denote the
plunge coordinate, a(t) the angle of attack, and B(t) the
flap deflection. Then the downwash function wa (t.x) is
given by

Wy (tx)= 2oz, (60 + U 35z, (bx) | (2.28)

where




Z, (tex) = =h(t) - (x-a)a(t), -le<x<c¢

= <h(t) - (x-a)a(t) - (x-c)B(t),

Then

~' ce<x =<1, (2.29)
- “h'(t) - (x-a)a'(t) - Ue(t),

LA (t,x)

-]l = xX< ¢
‘. = =h*(t) - (x-a)a'(t) - (x-c)p*'(t) - Ua(t)

. -U'ﬁ(t) [
N c<x<1l  (2.30)

: :‘. 1 1
-.‘_: - g l—x -‘_x 1+
g nj_l Ifx x-¢ U-,_ l'éé' W (t.0)d0

1 (¢
- zs O (e
0

A .o‘ (. ‘). ‘ n’..l‘:.-..‘p.::. »

L P

.
-
2
&

‘“

14
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t
i ?elj H(o)T* (t-0)de (2.31)
v o L4

Substitute (2.30) into (2.31), we get

r(t) = 2nUe(t) + ( 2co8™%+ ZJl-cz )UB(t) + 2vh’ (t)

+ ( 2\/1-c2+ ( 1-2¢ )cos'lc - oJl-?)p'(t)

t
+ (r=2na )a'(t) + Io ( I-J:—t% e (t-o')do'.

eee(2.32)
Let
h(t) [x(t)
x(t) = d(t) zZ(t)= . J
, and x(t)
B(t)
then
t g+l
r(t)= [B, 2(¥)] + o ( 1-¢/ 37 Ir'(t-0)do
000(2033)
where
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0
2nU

:i:jl; p= |02 cos~ic + 2\}1--c2 ) U
< = |2r

™ - 2ra

L( l - 2c )cos'lc + (2 - c)\E:-tz2

/

110
LR
T ".

Ph)
A
4 & 4

LAP A

.

But

P

-
Y
=

r(o) = [B, 2(0)]

DNy 7
‘f-‘r' :
v 7

Hence

5ty
"
)

t
. , o = [B, 2(t)-2(0)] - ,‘o B LY (t-0)do,  (2.34)

For

Res >o0

NS
".".‘V

8
- - -( -1)
fe's" z—*’%dc:%ﬁe T :—1'-%&

-
RPN [l s
LA A - ".A."..

Tyxlas, (239

- J N ol .
e
L} L]

%,

S
"
(=] | o
L)
cijo
¢
1
®
N

Y Let

“
’IJ-‘,
s;c

‘ K = | o

o Then |
b3

o'



KeT =k, (§) -k (§) (2.36)

and
o g
[oryBa=3f (x, (§r-x (§0
-8
w U[B,L(2ss)- 226V
f e-sa’ro(c)dc:: 3 — 3
Kk (8)- K, (B))
where

L (z18) = j:cs“ 2(t) dt (2.37)

We will define cl(t) as the inverse Laplace transform of

3
1___yel

s 8 ' (8
K (8) - k:(3)

Then

t L
£ (t) = J’o o) (t-0) [B, Z(e) ] do (2.38)

17




and

. t
(o) = [ ey(e-o)[B.2(0)]do - 0p(t)[B.2(0)]

+[B.2(0)]  (2.39)

Y
I SN Jo

where

(t) ¢ (s) ds
c = C, S8
2 So 1 )

/'-.."l.' PO
N -, [

Finally we note the series expanision due to Kussner

( Sears, [5] ) for c,(t):
l
|
|
|

2o lele N}

Ut= 5

RN
N

., P 1
- e, (t) = u\?{% (ut) 2 - F(ue)? + Igi(uﬂ%

- ?%g%ﬁ(m;)z } (2.40)

Ut

° I N 4Log(2U-2) |
= aalt)= =2 {1 e + e |

2
_ 54Log(2ut-2) . (14+2-3°)

v
W

o (Ut-1)2 (Ut-1)

N , ;B(nggzgt-zgzz

> L)

¥ (Ut - 1) . (2.41)

Xy
.. .'
'-:.
e
-
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-
X
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CAL TION OFf THE L I G _MOMENT AND FLAP MOMENT

In this section, we will write down the 1ift, pitch-
ing moment and flap moment expressions. The detailed

derivations are in Appendices A, B, C.

i, P = (-p) {Ur(t)+ Ura®*(t) = U (¢ 1-c? - cos'lc)
p'(t)+ ~h~(t) - ana"(t) - (%(\/l-c )3

+ ¢ cos~Le -\ll-cz) p"(t) -

P so 5 (t-0) [B, 2(¢)] de } (2.42)

’

where
%
c4(t) = So ¢ (t-¢) [ue -Juzeznuc]de . (2.83)

2, M, = (=p){U2(-2-2a)a (t) + U [(-1-2a) cos~tc

+ (c-Za)\’l-cz Je(t) - U (1+2a)n h* (%)

+ Un (a%-a-3) o' (t)+U [(-43ac-2a-2a® % %)

o qJ1-c? + (2ac+c-]§'~2a-a2) cos"lc] g'(t) -

2
- (-+a +a) v h"(t) - (%’%'33 % Jra”(t) -

............
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Bt |

s
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2
- [(%f% -%azc-ac) cos~lc +\Il-cz(%+a2+§a+%ac2

2 3 t
_.az_c..fi-g?;)] p (t)+ jo[% ¢, (t=0) + Ucy(t-o)

. t 2
+Ua(l-c,(t-0))] [B,2(0)] dc +£So[(zl;*% )

-zlf cy(t=0) + acqy(t-0) + % cg(t-0)] [B,2(c)] do}

eee(2.44)

where

cu(t) = e, (t) + c3(t)

cs(t) = j: cl(t-o) . [(1+Uo) Vuzoz-o-ZUo - (1+Uc)$o.

...(2.#5)
s, Mp= (=p) {Uz[(2+c)\/ 1-c? - (2c+1)cos'1c] a(t)

- szl(c)ﬁ(t) + U[ (2+c)\} 1-0% - (2c+1)cos'1c]
2
h'(t)+ U [( %fci»g )\ll-c2 - (1+3c)cos~1c

g;(c)
- ny(e)) at(t) + U[ == - (£,(e)cfy(ch] ' (t)-

20
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v, v
e
AR I

= hy(e)n"(t) + (ahy(c)-hy(e)) a®(t) + § (gy(c) -

IC‘.

- cgy(e))pn(t) -

N

11

t 1
jo H(n)T* (t=n)dn + g2

t
. d—%jo Hy(n) r* (t=n)dn (2.46)

L

where

fl(c)= i [(2c:+1)(cos']'c:)2 - (1-c2) -2 \Jl--c2 cos'lc]

w

f2(c) = % { [(l-'-c)cos'lc + (cz-c-Z)\}l-czp]

. ( cos™Lc +W1-c?) + %(\) 1-c%)3cos~1c }

2 2
gy (e)= 1-c? [ c_zig - -‘lg%)- cos~lc + T}'(Zcz

+9cHs)] - %(cos'lc)2(1-2c+2c2)

1

le 10 )(- %) [(1-2c+2c2)cos' c -

g(c)= (cos™

2
%(2c2+9c+l+) Jl-czl - %[(ci'c—z-g)cos'lc + (21%3-

I%c) Vl-c2 ]- 3% [c:2 1-c2- g- c#l-cz cos~lc +

21
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2
hl(c)= (]"—Zgz‘-gﬁ—)cos'lc - %(2c2-9c-l+) l-c

2 3
h,(c) = (%%)cos'lc - (%5—%% c)¥ 1-¢?

2

Fig.2.1
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CJ
' CHAPTER 3
. COUPLED AERO-STRUCTURAL DYNAMICS
7
o In aeroelasticity the aircraft structures under con-
‘ sideration are perfectly elastic. That is, the model
fg describing the structure requires partial differential
ﬁé equations. As a first step, we will only treat a three-
\ degree-freedom two-dimensional typical sections which may
ES be regarded as representing the first bending and torsion
% modes:of a three-dimensional flexible wing.
R EQUATIONS OF MOTION YPICAL SECTION
<
- The equations of motion ( following the usual con-
\ ventions, see Theodorsen [9], and Edwards [1]) can be
ﬁ; written:
<. L L
ﬁ) Msx + Bgx +-x8x = E; + Gu . (3.1)
0 where the subscript s stands for structure, and
;:
0_ Mg =1 x, Xq
i X, yf [Y§+xp(c-a)]
I 2 2
X Y “¢x _(c-a)
3 LXg Y ¥l Y




M= M, et ¥ ne

MB= “p.c"' mp.nc

where the subscript ¢ stands for " circulatory” and nc \

for "non-ciréixlatory". For non-circulatory part,

l’m':
Ma.nc = Max + Bax + Kax .
Mﬁ ne

where the subscript "a” stands for aerodynamics

24
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1
o 0 0
0 u3(-1-2a)7 nU2[(-1-2a)cos™Lc
+(c-2a) Jl-cz]
0o u?[(2+c) Jl-c2 -v%t, (e)
-(l+2c)cos'lc]
o xU -u[ec Jl-cz- 1

cos'lc]

-nU(1l¢2a) ) nu(az-a-%) U{(-2+3ac-2a

2 5.3
2 ¢ _2c
-2a"-55)

Jl-cz-(%-a2
+2a-2ac-c)
cos™Lc}

2 g,(c)
U[(Zf-c)Jl-c2 U[(gw—c‘»%) [ 12 -

-(1+2c)cos'lq V1-c2-(1+ (f,(c)-c

3e)cos™le 'fl(c))]

~h, (¢)] J




(2°€)°°°

0 0 .
oz -nbe PR L4 wlnzd6-n 5 «Tm- "

p[(9)z°a] (3-2)%0 & + (3-1)f08 + (3-1)%

0 0
@Nma %Iw + 3p[(9)z*a] (((3-%-Dyen + (3-3)"n + (3-1)To m& | °*y

o s o)
se[()zeal (5-0% | - [o)z*dn + 30 [(9)z°d) (3-3)% T N
3 1 |
] ) sArTeuUtd
[ "
((2)T80 - (9)28)%  (9)%u-(o)Tue (0) Tu-
Amblhwllb.lllwl._.
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where
rt
cg(t)=| ey(t-t) (8)ae

o

rt
ep(t)= | ey (s=6dmp(8)at

o

Moreover, we can write (3.2) in a more compact form:

[ P,]
t [ d t °

Ma.c =SO Mz(t-v)Z(v)dv+ E%SO M3(t-v)Z(v)dV
MB.CJ + (u[B.2(0)]
) 0

0 (3.3)

where

M, (t)= - — [Uc,(t)B*
AL A mg ) )

[&cl(t) + Ucu(t) + aU(l-cz(t)]B.

- g—ﬂc6(t)B* J
Ma(t)= = — [ -cq(t)B* '
3= |73

[(%2+71;)-};c2(t)+ac3(t)+%c5(t)]n’

1

.5;07(t)3* J.

Pinally the equations of motion can thus be written as:
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o . t
MBX +B SX +K8X = Gu+M ax +Bax +xax+j

Mz(t-a)é(s)da
0

t
d . -P
M,(t-6)2(6)ds+ [ UB*Z(0O =
+Rso3( )2(8)ds+ (@] ¢5)
0
0
or
Z(t) =AzZ(t)+Hu(t)+[B,2(0)] [0
0
0
v
+ [0 ,
0
0
t -1 i
o (Mg=M, ) "M,(t-8)2(6)ds
+ [0 ]
0
0
&)Y © wmot-5)2(5)a6
Ldt s a 03 ] ,
where
A=(O 0 0 §1 0 0]
0 0 0:0 1 0 ;
-1 : -
;(Ms-ma) (Kg=Ka) | -(bg-My) 1(39'38{

--------
-----

2

8

(3.4)

(3.5)
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R .
Since
(Mg-M, ) "1M, (=)2(0) = [B,2(0)] v
and
t ; -
jo M, (= v)E(v)av =M, (=)2(£) M (=)2( 0)
+S; fiy (t=v)E(v)dv
We have
Z=(a+ o}a#)z(t)ﬂ 0 1
v 0
0
'.:. St -l .
x> MU R AT OLE

»
EJ

478"

‘¢’
F 2
n.ln.
o+
ey O O O

:(ms-ma)‘ln3(t-v)i(v)dv +Hu(t) (3.6)
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i,y (£)=[U(c,(t)-1)B

[£e, (+)4Uc, (t)+aU(1-c,(t))]B*

- 2706(t)3" J

and

3

—a O] -g-
Mj(eo) = ( ms) B’z
(% -a-%)B*

[(llvc-kl)cos-lc - (2*30)414:2]3* J

Now we can rewrite (3.6) as

. t . A .
Z(t) =Qz(t) + so Kz(t-n)Z(n)dn+a%Jo K3(t-n)2(n)dn

+ Hu(t) (3.7)

where

Ky(=)=0

Moreover straightforward calculation shows that

Kz(t)=0(t'2) as t —= w

1
=0(t"2) as t —= 0

The function K3(o) is bounded and absolutely continuous

on the interval (0,~). Thus let Ku(t)=l(3(t) - 1(3(-») and

30
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carry out the differentiation in (3.7), we get

. - t . . -
Z(t)= Az(t) +Io Q(t=2\)Z(\)an + Hu(t) , (3.8)

where
-1
- 2 +
Q(t)=0(t ) as t ww==i» 0

=0(t™%) as t ———e o .

We shall henceforth work with (3.8).

Finally in this chapter, we calculate the matrices in
equation (3.8) by assuming the following section para-

meters:
w, =100 rad/sec ==-0.4 xp=0.0125
wg =50 rad/sec ¢=0.6 1'2a =0.00625
wy =300 rad/sec x =0.2 Ca =0
- 2_
We get
- -
0
0
fi=| ©
2243.62
-43.43
63977003
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CHAPTER 4
STATE SPACE THEORY

INTRODUCTION

From the previous chapter, it was noted that the
Laplace transform of function Q(t) is not rational.
Hence our integro-differential equation does not admit to
a finite dimensional state space representation. A un-
iversal state space formulation is due to Balakrishnan
[10]. A general infinite dimensional state space re-
presentation for our model is proposed. Then we show
that the solution exists, is unique and depends con-in
tinuously on the initial data. Moverover the controll-

ability and observability issues are also discussed.

S ION

The objective of this section is to develop a state
space representation for the linear system described by
(3.8) using the techniques as indicated in [10].

Before a state space representation can be given for

(3.8), some operators shall be defined first.

Let H, = g6 with the usual norm; H, =I..p- space of 6x1

functions (<) on{ 0,«) with norm defined by

33
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v tals

1

P

neig llf(t)ll§6 at where %;r <2 .

e 0
- From now on we will use the symbol li-llto denote any
one of several norms when it is clear from the context

which norm is intended.

Let H denote the product space Hlxl-lz. This will be
our state space. Let Az denote the operator with domain

D(A,) in H, defined by

At=g 1 g=%rm) .

D(Az) ={fe}{2 | £(-) is absolutely continuous and
f'(')eﬂz} .
And define operator B,y C, as follows:
Byt B =H, Bu=f s  £(8)=a(t

C,f=£(0) Domain of Cz={he}{2 |h(.) is

continuous } .

After defining operators Aye B,y Cy it is claimed
that the following set of equations is a state space re-
presentation for (3.8).

gL

™
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< AL PR . - - O CLR SRS EALALIL S AL A RS LA A R e
=
)’;’
X
o x1(£) =Axy (%) + Cx,(t) + Hu(t)
xz(t)=A2x2(t) ¢ BzAxl(t) . Bzczxz(t) + Bzﬂu(t) .
} These can be rewritten in the form:
x(t) = Ax(t) + Bu(t)
z(t) = Cx(t) . (4.1)
e where
s
o
A - T
) x(t) =[x;(t) x,(%)]
N
A A=|24 c B= |H
e . ° ' ~| ana c =[1,0]
l\ -
N
e To verify this claim, see [10]. The main result of this
.'."H_'_.f
section is
)
2 Theorem 4.1. The operator A defined by (4.1) generats a
Cooaemigroup on Hlx}{z.
5' This theorem is an immediate consequence of the
technical Lemmas (4.1) ~ (4.4) given below. The proof of
Theorem 4.1 will be given after these lemmas. We will
2 concentrate on the "degenerate" A (i.e., B,=0) first.
L Lemma 4.1. Given the "degenerate” operator
A =|A CZ
. 0
e, b2
s
e
o
f~
i 35




with K. CZ' and Az as defined above, then A is a linear
operator with dense domain.
Proof. Straightforward.

Lemma 4.2. If x(-)eD(A,), then llx(O)"Z'éZ(llxllp + llx'llp )

g-gp<2 .
Remark: This lemma remains valid for more general p.

Proof. FPirst consider the restriction of x(-) on [0,1].

t
x(t)=x(0) +J0 x*(t) dt vt [0,1] .

or

t
x(0)=x(t) -Io x*'(t) 4t

Hence
t
x(o)li=tx(t)i + L’ nx*(t) dt

i
Sx(EM & 0xthy 1 t < [0,1]

-y
Six(eN + Ux*l

nx(0)0P= 2P(ux(t)nP « nx'{) .

Integrate in t,




1

1
s nx(onP ag=2P J nx(enP as
0 0
Hence
px(omP = 2P (uxng + ux'ug )
- ]
nix(oMm =2 (uxnp + lix up ) .
L u. [ ]
A=|A C,
Ay

is a closed linear operator on H.

Proof. Given that
3 X:; P
, |t =om = g6 x D(4y)
*n
1l 1l
xn x1 A xn
-> and
2 2 2
Xn x Xn
need to show that
1] =
X"l ¢« D(A) ana A |%
x xz

BRI NS R

nxw P .
+ lIx P

y1
-_—)
y2
y1
y2 .

QoEoDc

M AP P SR o oht AL GL AT




AR Sl r—v-{‘-"‘v-rrv

----------------

2

It is shown in Balakrishnan [12] that x? ¢ D(A,) and Ayx

2 1

=y“. We only need to show that Ax
ing to Lemma 4.2,

+ sz2=y1. Accord-

ucx2 - cox?i = 1x2(0) - xZ(oN

< 2 2 2 2
= lIx, = x llp 4 ||:|c'l,1 - x*'"ll
- 0
by assumption and the result above. Hence Kx}‘ + czx:
1 2 1_+.1

converges to Ax~ + C,x“ and y = Ax" + czxz.

Q.E.D.
Now we are ready to show
Lemma 4.4,
A=A C,
0 A,
generates a Co-semigroup on H= R6x1.p[0.-o)6 with %;p<z.
Remark. The linear operator
A o
0 A,

is an infinitesimal generator of a contraction Co-
semigroup. C, is an unbounded, unclosable operator by

itself. This lemma indicates that
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A 0
0 A,

will generate a semigroup under the perturbation of Ce
Proof. From Lemma 4.1., 4.3., A i8s linear closed and has

a dense domain. Moreover, it is easy to see that

IR\ AN = ;,l—lﬁ V X > AN

UR(MA, NS S vra>o .
Set
R=[R(NK)  R(MA)IC,R(MIA,)
0 R(\14,)
*
then
(M-A)R =\I-[A O ] - [o cz] .
L0 A, o o

\I-TA © 0 Cy
- R
-O Az -0 o-

=[u-K 0 ]R_'o cza(qu)]

o o0
and for every x ¢ D(A),
0 Az 0 0

39
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A 0 7
u-[
0 A,

-~ n ~
R(ws)c2 0 R(MA)CZ

i
-

.

exists for A>HAll and it is given by the operator R.

Next, we contend that there exist some constants
M>0 and w such that

R(AAMS —E— for A= , n=1,2,....
(A=w)
For n=1,
R{v 2 =NR(AsX)v, ¢+ R(A3R)C,R(N1A,)V ||2
[1] 1 2 2'V2
v
2 + UR(A, IV, I 2
k. 2
NV4ii -

o0 =2 —1——5- HIR(GE 2y CoR(NIA,)
N (x=uZn)
-.‘:n.

2
2 il Vz!l




l" "A

LR

4@

(8

’ -'f l. l’ "

AR

070
L AE PRI N

v 2= & .

Note here that

P
u CZR(MAZ)vzn = C2 jo e

-\

t vz(t«b-) at

t) dt l
jo ¢ T valt) I

- 1
I e~2at 4¢) @

;llvzllp o
1
1\4
=1Vally ('iq_) where g-; p<2
1,1,
and P + a 1l
2 llvlll 2 W 1
Rfv = =, + UV, —20__ + =2
[ j = (a-nan)? 2 (1-'“\“\2 A
v

For %; p=<2, we have the following extimatess:

2
119
2 —] <1
a) [ el =
2
17 4
b) [3] <1 va=lIZAN (> 1 for normal speed of
aircraft).
So
41
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mwe

2 2 21=___2
(r=nEn)? [van® + wvan®] (A=NZN )2

]

]

i.e.,
- 2 Iy
IIRI|=mﬁ v A > llAll .
For n=2,
2
211v, 12 1]
2 ey a1l 2 1 zzlgxlla- IH*LE
“ [ 1] = (x -i1All) - W &n) A
V2
2 2
z vy el 20-030) suku?
= (A -1Z1) * (A=nxu) 242
2\"'q
. N
[~ *il- !'ims
[:;::
L 2 v
. = 1
o ( x-uxu)ull [‘, Jr
= 2
;- I _
@ = (r-2k0) V A=Al .

o
b

Proceeding inductively we find for generel n,




~ - o
-m [ ¢ A&M A.'fML.'L 5...1.‘(:‘\-(&{. ‘-i 'hi‘ﬂn\. Y ..}..}AL _-)..tk‘lh\.l\.n_dl _Q_n}.a N N NN

2

!w[Z:]

2"vlu2 . nV2n2 1 - LA 2n
(-1EN)Z®  (a-nkn)® ( . )

2
o (072 0-nAn) sEnt-1)2 2 "["1]
2 2n v
KZ(n-l)+ a (x Al ) 2 .
Hence
"Rr'" ; _@H fO!‘ A ’"Z" ] l’l=1.2....
(A=UAN)

It follows that A is the infinitesimal generator of

a C.-semigroup S(t), satisfyingls(t)l;‘ﬁfe"A“t.

0
‘ QcE-D-

Lemma 4.5. A C, also generates a Cp-

A
A

o} A2+BZC2

semigroup on H = R6 x Lp(O w)6 with 4 3=

Proof:s First consider

p=<2
0
0 BZCZROuAZ

=IB,CoR(N3A,)IV,II =HB, nv,i
2%2 2/V2 2 ; 2
(nq) .

Hence
i

Bl
—2 . - 1l provided | lel < (xq)‘l or

(\q)
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uB,i? < xq .

Next set

00 0 0 k
R= D, R(MA)([ R(m))
k=0 0 B,C,

0 0 -1
= R(\3A) (I -[ JR(MA))
0 BZCZ

nB,uY

We contend that R is the resolvent of

-

A CZ

0 A2+Bz C2

(AI-A)R ={u - -
0

>
9]
N
(o]
(o]
e
x

A C, 0O o
=\l - R - R
0

AI-A -C, 0 0

'\~:“ '.."‘-\_- - .-.‘:. ' .-$‘.\‘n&"-\"\\<‘n 4' ~

A CS ICR TN,




= |\ -k -C, R(\14) R(X3A)C,R(A1A,)
0 AI-A, 0 R(A14,)
[0 o0 -1 [o 0
I - -
( |0 Bzczn(mz)]) 0 B,CoR(MiA,)
r0 O -1
(2 )
|0 B,C,R(\34;)
[I 0 [o 0 -1
= I -
0 1]( 0 Bzczn(mz)])
0 o 0O o -1
-[o BZCZR(MAZ)]( [o Bzczn(mz)])
= I
and for every x ¢ D(A),
A C 0 o
R(AI-A)x= R {u [ 2” ]}
0 A, 0 B,C,
S I S
=R{AN] - - R x
0 A, 0 B,C
0 0 A (o]
= ) R(r\iA )([ ]R(MA) )k :u-[ 2
k 0 B,C, 0 4,
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% 0 0 kfoO 0
-2 R(MA)([ ]R(MA)) [ ]x

k=0 0 BZCZ 0 3202
00 0 0 k ) 0 0 1l
> (n(m)[ ]) x - 2 (R(m)[ | "
k=0 0 BZCZ k=0 0 BZC

had 0 0 k
X+ 2 (R(MA) [ ]) x
k=] 0 BZCZ

b 0 0 kél
- X (R(MA) [ ]) * x
k=0 0 8202

=X .

Therefore the resolvent of

A C2
0 AZ"BZCZ

exists for

q
WB, Ul

A=Al and \> I 2«<q=4

And it is given by the operator R.

Finally we have to show that there exist some constants

M> 0 and o such that

M
(A =w)?

A -
“ R(x' A)“- for A» w » n=l.2.3....
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Recall that in Lemma &4.4. generates a Co-

semigroup S(t) on H with %;p<z and 1S(t)u ;VZ'Q"A“ .

For n=l ,

(u, 1l 2 0 o0 -1 fu,]li2
Rl Y =tz 1 - R(A1 A) 1
Luz 0 BZCZ \12J
R(MA)  ROUKIC,ROuAINT 0 ]
0 R(\3A,) 0 (I-B.C.R(n1A,)"1
Nl
u2 e o 9 (‘)

Multiplying it out, we get

- RO sA)uy #R(AEIC,R(A1A,) (I-B,CoR(A18,)) " 2u, 2
%) =
R(x 'AZ)(I-BZCZR( X'Az))-luz

= 2(|R(xai)u1u2+un(xsK)czn(x:Az)(I-Bzczn(xaAz))'l

cuph?) + NR(N1A,) (I-B,CoR(A1A,)) "Tu n?

47

P

ASOARNCRY

.. .

. J T T G C S S S R S AU TR ST S P N TR FEPEE DAL P R S v " € Ve u Y q¥a s Ca¥ vy
S % W AN, LA PR L L L P S A R R ‘. . o % . a
A I Sud S O 12 T IO SIS AS IR VRS YRGS Yo




-----
...............

2
1 2 1 1 1
\ = 2 - i~ & —— -( e )
g = (a-nAn)2 1 (-nin)2 \ (qu)1/a LBl
: (cu):r’.q
2
2 1 1 2
e nupt® |+ (l—nra';ur—) !
i (@78
2 2 2 ( 1 )2 2
- —_— Iyl e —=- - LRI
T 0enEkm® T enin® N (g3 2
2
a 1 2
+ Xz (1 I!lel ) "u2"
(@72 .
Note that
D U 1 )"’
( B, a )2 5,0 1-17g
A= A=
(qx)l;"l (q)l;q
1 2 1,1/q< 1
= Recall that (=)/9=-2 for
\ i lel 1_; q 2
A q
\F3 2=q=4

-( 1 ){( 1 )2
= -] = tBall
NI 21 1432
s A / x-vz_ (-&3—)

( for IIBZII-Q—VBZ-)

A
-

3u32n B, 2
(oF-32)
V2 4vV2




o 1
L JuB
T -1

[ lel

r
: A b ————

where

KR

L I

P

Hence

A AR A A,

u, = (A=niu) 1 u-nqu 2

'l('..l.l"'

q
BN
q

<_J2
RIS T20E V A=IllAl and A »

SN

2y

ASANE ot i
"‘.{""l‘."“l I_-_. Y

or

_ anBn?
f2_ v x-llAn«t--—q-z—-

_ 1B
A-NAN -
A9

NRIS

]

LK s

For n= 2,

.\‘ ‘.. '-' '.. ‘

2wz _JFEe® a

u, 0 R {nA[I-B,C,R( A2 |
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where

Hence

= 2[_—~—E""“2" (m 179 B, )
(A=NAN) (qr) 1e 2
(@17a
At " B0 )“
(qn)17d
21y ? 2u >

A= R( MK)CZR(MAZ )((I-BZCZR“ ,Az’)ﬂ)z .

2 [ul] 2 Rk, + au, 2
R () 1-B,0,R00A,) |2,

- 2 ~ 2 2
= 2 [un (MK dugn2e nau, ]+|mz(xm2)[1-32c2

R(x1A)] 2 h 2

+

(A-n&un)* — 4, /e, "Bl

(A=na1)"(qr) /(1 )
b (qx)I; 1
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2
Iluzll : 1

¢ % (1 u;z.u )1’
(ar)1/q

-

2 2
2nu1|| uuzn 1 L
(x-ll'iul)i * a B, )u(x 'x")l[*(qx)l/q}
-p' -'
. ()3
RAN
+ -0

But

L
[(1-'1%) a¥/e

1 4
’(W) (

()9 w0 )*

1
N

q
. "
V A=HhAu and 21 »—{h—

2 ,[2 < J2
IRy = v L L
(\=NAN = ] )

~  NBn%
Y A= AN ¢+

Proceeding inductively we find for general n,




2 2
uuzu

= (x-uxn)z" * (x-uKn)Z"

Rn[“l] 2‘ leulll
ua

2n/ Nai \2n 1 \2n
(\q) q{(l--%?) 0{-——Z;T7E} }

()2 - np,i )R
Hence
ey 5 nB,ud
. 4B 8% n .
(A=-RAH- ) .
It follows that |X C, is the infinitesimal
0 AZ’BZCZ
generator of a Co-semigroup. T
We are now able to prove our main theorenm.
Proof orem 4.1.
From previous lemmas, we have shown that
A C2 s an infinitesimal generator of a co-
0 A,+B,C _ Hanq
(WA He )t
semigroup T(t), satisfying nT(t)n;VE'e 1

Observe that 0 O | is a bounded linear opsrator on
BZK 0
the reflexive Banach space H, hence A Cz is

the inifinitesimal generator of a C,-semigroup S(t) on H,




q
B,

satisfying uS(t)W =2 o A+ + VZUB,IlURN} ¢ ,

see Pazy [11] . Q.E.D.




CHAPTER 5
ACTIVE CONTROL OF FLUTTER PROBLEM

INTRODUCTION

The vital role of flutter control problem is played
by the choice of aerodynamic model. Most of the studies
up to now were conducted by approximating the aerodynamic
modelling with rational transfer functions. As a result,
the final model obtained is described by linear, constant-
coefficient, ordinary differential equations. The major

problems with those approaches are as follows:

(1) The singularity .aear origin of the aerodynamic model
will not be seen after rational approximation. This im-
plies that the arbitrary transient response predicted

will be less acurate.

(i1) The control law obtained via finite dimensional
approximations is not put back into the original system.
Hence the control may not be able to stabilize the
original system even though it stabilized the approximat-
ing system. This can be seen from the following example.

AN _EXAMPLE

Consider the following one-dimensional wversion of

equation (3.8):

sk

e e L D N N S N e R N T e e o



. t.
z(t)= z(t) ‘.[OQ(t—e)Z(e)de‘ u(t) (5.1)

where Q(t) in our aeroelastic system is of O(t 2) for
small t. Recall that the rational approximation of
Kussner function is 5(t)==l-0.500e'°'13°t- 0.500e°t in

engineering literature.

For this one dimensional example, we are going to ill-

t

ustrate that if we take Q(t) e~ * as our corresponding

rational approximation, then the feedback control law

derived from approximate model will not be able to stab-

ilize the original system.

First we rewrite the equation (5.1) as follows:

' z(t) = z(t) ¢ w(t) + u(t) (5.2)
E‘ where
ol %
° w(t)=joe’(t'e)é(3)de . (5.3)
3
'i Differentiating (5.3),

O

-
-

w(t)= z(t) - w(t)

= 2(t) ¢« w(t) ¢« u(t) - w(t)
= z(t) « u(t)
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Hence (5.1) can be written as:

x(t)= Ax(t) + Bu(t)
x z(t)= Cx(t)

. >+

A

2 It is easy to check that the matrix A has one stable
.§ eigenvalue

) A= 1=J5 |
2 1 2 |
é and one unstable eigenvalue

'@
>
il
tﬁ
+

Moreover the system (5.4) is controllable and observabdle,

i it is well known that we can find a feedback control
i u(t)= -kx(t) such that the system will be stabilized. if

) we take
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LA L AT

e Bg % o
l'._n‘.l"l'

l’l I‘

u(t)=-[1 1]

PO RS
, -
-":'."-"u N

B

then

s

[1.1 0 Hz(t)]
=-1.1z(t) - .2w(t)
0 2] w(t)

« [1 1]fr.2 07 [11 .2
w BB P= .
s 1 1Jlo .2f 1.1 .

- « 1 1 1.1 .2

A A - BB P= -

A 1 0 1.1 .2

‘::.: ;-01 08

v =

-;.F‘ L’ol -.2

=~

- det(A-BB"P) = (\40.1)(A+.2) + .08
= )\2 ¢ 32 ¢ .1 D> 2= =2 -'ékog"u

_:\'_ .
_’ This matrix has two stable eigenvalues, hence the feed-
© back system is stable for an approximating model.

3N

A Now let's consider the original system (5.1) with
. qt)=0,(t),

z(t)=2(t) +

t
oa(t-e)é(e)d% u(t)

LV SRR T L SR W A,

P
t .
=z(t) + | Qq(t-6)z(6)de - 1.12(t) - 0.2w(t)
Jo
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L
>
t .

£ = -0.1z(t) + 0.8 c,(t-8)g(s) ds

N o 1

3 :

\3::

N2 Take Laplace transform of equation (5.5),

- U
sz(s)=-O.lz(s)+0.8[sz(s)-z(o)]% %’- = ¢ z(0)
- Ko () +Ky (g)

0.8, 0

- 8 8).0:8,, U

- K, (5)+K, (§)-=5"Ue

. Z2(s)=1z(0) s|=2(0)H(s)
= 8 81y -7

-.: (s+o.1)(K°(u)+Kl(U)) 0.8Ue

:Z:S In order to examine the transient behavior of the
o system, we take the asymptotic expansions for large
"" arguments 8 of the Modified Bessel functions Ko(%) and
P §
'_’.'.: Kl(U)'

2
.:.'. -g
_ KV(%)~ ;1';: e u 31 + ’;:;' ¢ seeoe where u=uv2 .
> v ] U
.r::: s
‘/ P § U
Yo Hence, K §-)-rl( 8)>Va2sy == ¢ for large s.
, ’ O(U l(U) Y8 €
,, The denominator of the transfer function H(s) now takes
the following form:
[ J
.‘:; _—“g (8+0.l) - O-BU .
8




Hence

‘/ 21U(340,1) - 0.8U =0 implies that

\V271U(s40.1) - 0.80Vs =0 .

Let y =Vs, then

2 2
y= 0.8U% Vg-6g_ UU-O-“( Y270)" 30 for flutter speed

2 2 2
o - 0:64%40. 641 -o.uz:g)gl.sv‘lo.sug =(0.4)270 , ,

The original feedback system is clearly unstable. This
example illustrates that the feedback control can stabi-
lize the approximate system but not the original system.

INPUT-QUTPUT STABILITY

In order to stabilize the original system, we will
work with the following problems
Given that

(5.6)

{ x(t) = Ax(t) + Bu(t)

z(t)=Cx(t)

where




.,' ............................................

3

.'.‘:

3

X C, i

3 A=| » B=| .| andc=[1 0] ;

o with

~‘:.: [ <} ©

e J[u]=Jo "xl(t)"p dt + Jo [u(t)| P at

f_ we want to find a feedback control such that the cost

" functional will be finite. Note that the x,(t) is only

the finite dimensional portion of the state space.

r We need the following technical lemma in the proof

" of main theorem 5.1..

- Lemma §.1. (Paley-Wiener) Let A be a matrix with

\ entries consisting of positively supported delta distri-

.;E'.‘. butions and Ll-functions. then it is regular if and only

el if its Laplace transform satisfying the following con-

i ditions

2 inf Idet L(a)| >0 , where c"-;scaes zoi

,3 8¢C

;—ﬁ:j Proof: See Hille-Phillips [17].

b2

0 heorem 5.1. Given that (A,H) is controllable, then

there exists a feedback control u(t) such that J[uj<e .
Proofs From chapter 3, it is clear that (K.ﬁ) is con-

7
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trollable, then the finite dimensional Ricatti equation
x*P1+P1K+I-Plﬁﬁ'P1=O has a nonnegative definite, self-
adjoint P), such that A-HAP, is stable if u(t)= -fiep,-
.xl(t).

In order to show that J[u] is finite, we need the

resolvent for [ A c, first.
BZK B,Cp+A,
Recall that the resolvent for| 2 C, is

R(A3R) R(MK)CZR(MAZ)31-320211(5\3.&2);'1

=>
"

4] R(&lx)?I-BzczR(AMz)‘ -1

q
uB 2ll

for s>lAn+
Define Ry = R(13R)
R, » = R(21X)C,R(A4A,) 31-32023(134\2) $'1

Then A= |4 C, will have the resolvent

BoR  ByCyeA,
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q
“Bzﬂ

for A>ulel'llKIl ﬂlKll.-—E— )

0

(I-B KRy, )" 'B ARy (1-B,AR) ;)Y

A
=R

~ -l ~ ~ -1
_[P12-Ra2(1-BAR)5) "BAR);  Ryp(I-BpA Ryp)

~ «l,. »
Ry5(I-B,AR,,) "B,AR ar el
22{1-BaARy 5) "B ARy Ryp(I-BoAR, ,)

Now, let us consider the following feedback:

'~ xl(t) -~
u(t) = -kox(t) = ~[fspy 0] = Heryxy (8)
x5(t)
then
[ c 1 [#
2 6x1 ~
A-Bk=| -1 = [HIX6P16x6 o]
BoA Bzcz"zJ BoHex1
; 7 :~~
_ A C, ) HH*P, 0
LBzA Bzcz,Azd szf“"’Pl )

-
~ Mo

Define M= K-ﬁﬁ’Pl. then
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M c
2 » and x(t) = (A-Bk)x(t) .

A-Bk =

BZM BZCZ’AZ
Note that Bk is only a bounded perturbation of A, hence
A-Bk also generates a semigroup. In order to show that

ﬁlxl(t)np + I:lu(t)l Pgt <w, we will examine the

behavior of R(23A) xl(o) instead.

x,(0)
x (A) = ( an-nlz(I-Bzﬁnlz)‘lnzﬁxn)xl(o)

where

Ry; = R(218),
Ry o= R(MH)C,R(R14,) (I-BZCZR(MAZ))'I
Substituting Ri» into the xl(a,) equation, we get
x ()= [311+Rnczn(am2) (I-Bzczn(amz))'l.
: (I-BziRlz )‘lnzﬁan]xl(o)
= [Ry1#R)1CoR(1A,) ((1-B,HR) ,) (1-B,C,R(A1h,)) L

B,0iR)) Jx, (0)
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=[311+R11023(13A2) 31-820213( AtA, )-BZMR12+BZHR123202

R(A'Az)f-leiﬂll]xl(O)
=[Ry1 +R11CoR(A 1) i:-nzczn(xmz)-B,_ﬁnl,_(x-nzcz
R(A:4, ) B
*R(234,) BZMRn]xl(O)
=[Ry1 +Ry1 C,R(A,) ; I-B,C,R(31A,)~B, MR, ;C,R(A1A,) f‘l
’Béﬁnll]xl(O)
=[R11+R1102R(2.;A2) (I+BZ+BZﬁR11 )CZR(AsAz)
+ ((By+B MR | )C,R(214,))%¢ .. ) B ARy, Jx, (0)

=[Rn“Rll(ﬁzﬁﬂn*(ﬁz*ﬁzﬁnn )BMR,  +. . )]xl(o)

2 Rnxl(o)mn,I-(§2+ﬁ2i'nn)}'1ﬁzianx1(o) (*)

Since N is stable, the inverse lLaplaece transform of
R1%9(0) will be in Lg[o.-). Moreover the inverse
Laplace transform of I-(§2+ﬁ2ﬁnll) consists of only
positively supported delta distributions and Ll-runctions.
hence it is regular if and only if the determinant of
I-(§2+§éﬁﬂll) is bounded away from O on C, by the pre-
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vious lemma. Since M is stable, then §2+§Zinll is
bounded away from identity for our aerocelastic system and
the determinant condition is clearly satisfied. The
second term in (*) is again in Lg[o.o). This shows that
J[u) is indeed finite.

LI 0 L CONTROL THEO

In recent years, a large amount of literature has
been devoted to the L-Q-R problem for infinite dimension-
al Hilbert space. See, for example [13, 14, 15]. 1In
chapter 4, we have shown that the infinitesimal generator
A generates a C,-semigroup in a reflexive Banach space.
The reason for that is because of the aerodynamic energy
consideration, i.e., the behavior of Q(t) near origin is.
of 0(t°1/2). If we approximate the function Q(t) near

-1/24¢

origin by t » then the proof for Banach space will

go through for Hilbert space Ré x L26[0.w). As a first
step, we shall in this section work with the state space

6

R™ x L26[0.w)o

First we recall the concepts of stability. Let T(t)
denote a strongly continuous semigroup over a Banach
space H. If H is finite dimensional then Re(o(A))< 0 is
equivalent to ||T(t)ll - 0 or for every x in H’HT(t)x“ -0

as t — oo .
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The situation is quite different in the infinite

dimensional case. We will give a few different notions

of stability.

Definition 5.1. A semigroup T(t) is "exponentially
stable" if [[T(t)] — O as t - o .

Definition 5.2. A semigroup T(t) is "strongly stable"
if ||T(t)x|] — 0 as t —~ o for every x in H.

Definition 5.3. A semigroup T(t) is "weakly stable" if
[T(t)x,y] — 0 as t — o« for every x, y in H.

It is easy to show that exponential stability im-
pPlies strong stability, and strong stability implies weak
stability. Note also that T(t) is weakly stable, so is
T#(t). But this is not true for strong stability, just
take the left shift semigroup for example. However in
finite dimensional cases, these notions are equivalent.

Using rational approximation, J.W. Edwards[l1] applied the

finite dimensional L-Q-R theoty to the flutter problem.
However, this problem can not be solved without using
the infinite dimensional state space setting as the

reason is clear by now.
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For our aeroelastic systems, the generator A will have

unstable eigenvalues when the speed of aircraft is fast

enough.
We will consider first the following L-Q-R problem.

{i =Ax(t) + Bu(t)
z(t)=Cx(t) (5.6)

where

A=|A C, defined on R6 x L26[ O,)

0 Ay

The cost functional is

J[u]:f [x (t), xl(t)J j u?(t)dt

where R=| I 0| , A>0, which, for convenience hereafter
o} 0

will be taken to be unity. Or we can write J(u) as

2
L[xl(t). xl(t)] + IO u“(t)at .

Before stating our main theorms for this section,
we shall recall some results of L-Q-R theory in Hilbert
spaces ( see Balartishnan [12), Gibson[15]).




Theorem 5.2 Let A, B and R be defined as in (5.6), with
A the infinitesimal generator of a strongly continuous
semigroup. Then there exists a nonnegative, self-adjoint
solution of the steady state Ricatti equation if and only
if, for each x¢H, there is a control for the initial time
8 and initial state x that J{ul<w . If P, (s) is such a
solution, then <Pq(s)x,x >, =mnin Jo(sex,u). The optimal
control u(.) is given by u(t)= -B*P_x(t) and x(t)=T(t)
«x(0), where T(t) is the strongly continuous semigroup

generated by A = A-BB*P,.

Proof. We follow the same notation as in Gibson [14] .
First we consider a sequence {t | where t —= as n—w,
and try to investigate the finite time L-Q-R problem for
which tfa tn' For each of these problems, we denote the
solution of the Ricatti integral equations by Pn(‘) and
the cost functional by Jn(s.x..). An important observ-
ation, which follows from the fact that min Jn(s.x.u)

= <Pn(s)x. X > is that

P (t) = Pp(t) » tostst sty ... (%)
Let x and y be in H, we have

2
<Pp(t) x» ¥>u = <Pp(s)x, x> <P (s)y, ¥y> -




Jn(s.x.un) =< Pn(s)x. x>~ J_(s,x,u) implies that

sup |< Pn(s)x. Y>>y |<= for each pair x and y in H.
n

Then sup |l Pn(s)ll< « by uniform boundedness principle.
n

Let {tk} be an increasing subsequence of {tn}. Then the
uniform boundedness of Il Pk(s)ll and (*) imply the exist-
ence of a unique self-adjoint operator P_(8) ¢ L(H,H)
such that Pk(s)x—— P.(s)x strongly in H, x ¢ H. Now we
have shown that this is true for a subsequence. For the
original sequence to hold, Jjust use the generalized

Schwarz inequality. Q.E.D.

Theorem 5. 3. Suppose there exists a control u(.), such
that for each x ¢ H, the cost functional J[u] is finite,
and lim 1x(t)!'=0; i.e., any control drives the state to
zerot;:ymptotically. Then there exists at most one uni-
formly bounded, nonnegative solution of the integral

Ricatti equation on [0,=).

Proofs Let P(.) be such a solution and define x(t) and

u(t) as follows:
x(t)=5(t,s)x and u(t)= -B*(t)P(t)x(t)

Then lim ix(t)i= 0 and the uniform boundedness of N P(.)H
t-e

imply %im<P(t)x(t). x(t)>H=O. Then
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:

<P(s)x, x>,=J_(8,x,u) .

S

';::;‘, Let v be an admissible control for s and x, then after

.. some tedious calculations (see Gibson [15])), we can show

:E that - j
J_(s.x,u) =<P(s)x, x> =J,(8.,x,v) .

A ’_ i

: Thus u is the optimal control for s and x, and P(s)

=Pa(s), ty=s. .

; Q.E.D.

* Theorem 5.4. If f is in L,[0,=), g is L, [04©) then

\ h=fag exists and h is in L,(0,%).

}\ Proof. See Dunford and Schwarz [16].

B |

2 Now we can state a theorem for the system (5.6).

2 .

o Theorem 5.5. If (A,H) is controllable and (A%,R) is

:.»:;::.' approximately controllable, then the steady state Ricatti

i equation ([Ax,Py]+[Px,Ay] +[x,y] ~[B*Px,B*Py] =0, Vx,y ¢ D(A)

: has a unique nonnegative self-adjoint solution p_,

. and the optimal feedback control is given by

i u(t)= -B*P_x(t) .

"_r Proof. It is a standard result from the finite dimen-

SO sional control theory that if (K.ﬁ) is controllable, then

:::Z':; the finite dimensional Ricatti equation K"Pl +PKkel

e

o

.:".;
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- gﬁﬁ*P1= 0 has a nonnegative, self-adjoint Pl. such that
K - HH#p, is stable if u= -H*P,x,. This implies that

te(K-ih'{’*Pl) (t-8)_0

xl(t)= e(A-}Qﬁ"Pl)txl(O)f"‘o xz(s)ds

]
xz(t)= '.I.‘(‘l'.)x2

where T(t) is a left-shift semigroup.

Since (K-ﬁﬁ*Pl) is stable and xg is an L.,-function,

2
it follows from theorem 5.4. that

I:uxl(t)nz dt + j:u (t) dt = o

Moreover, if (A*#,R) is approximately controllable, then

x(t) will be weakly stable (see Balakrishnan [13]). But
xz(t) is strongly stable by the fact that T(t) is a left-
shift semigroup, even though xl(t) is only weakly stable.
Yet in finite dimensional space, it is the same as strong

stability. Hence 1ux(t)il «» 0 strongly.

.

Now by theorems 5.2. and 5.3., the infinite dimen-
sional steady state Ricattl equation has a unique non-
negatives, self-adjoint solution and that there exists an
optimal feedback control such that u(t)= -B*P_x(t) where
Po is the nonnegative unique solution of the SSRE.

QaEcDo
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Next, we consider the same L-Q-R problem for

x(t)=Ax(t) + Bu(t)

bA
- - z(t,=Cx(t)
where
: A c, H
\ A= » B=| .| andc=[1 o]
El: Bh  BpCathp BoH as before
- The same cost functional
. -,
J[u]=fo[xl(t). xl(t)] dt + Io u“(t)dt .

Under the same assumptions as before, we can only

E prove up to weak stabilizability, but we are only in-

' terested in the finite dimensional portions anyway. So

. the finite dimensional part of the system will be stabil-
ized as before.
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o CHAPTER 6
:.: SUMMARY, CONCLUSIONS, AND SUGGESTIONS
,-\ FOR FUTURE RESEARCH
Cj. Aerodynamic flutter refers to a subject that has
%E developed from the earliest days of manned flight. It is
'ag an unstable motion due to the interaction between struct-
(?i ural vibrations and the aerodynamic forces which results
ifé in the extraction of energy from the air.
AN
Eii The vital role of flutter control problem is played
=% . by the choice of aerodynamic model. The design of act-
iﬁ: ive aeroelastic control is greatly aided by the avail-
;if ability of providing a mathematical model valid for
S}. arbitrary motions. In the past, engineers used inverse
Zﬂ Fourier transform to obtain impulse response function
.iﬁ airloads for use in convolution integral solutions of the
?{u equations of motion. More common are calculations using
Ex; finite state, rational function approximations for the
E?i unsteady aerodynamic airloads.
*Eé In this research, we developed a time-domain model
ﬁgé for unsteady aerodynamics. Hence the exact transient
.f response of a three degree-of-freedom airfoil can be
?Eg obtained.
o
A Then we apply the unsteady aerodynamic models to
st
2 7

",
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elastic vehicles. As a first step, we treat the air-
foil as a three degree-of-freedom two-dimensional typical
sections. The upshot is that the coupled aero-structural
dynamics will give rise to an integro-differential

equation.

Instead of using rational function approximations,
we contend that the problem could not be solved without
introducing infinite dimensional state space. We showed
then the solution exist, is unique and depends continue

ously on the initial data via semigroup approach.

The principal advantage of using a semigroup form-
ulation is that once a system has been shown to generate
a semigroup, the problem is well-posed immediately. All
that is left is the smoothness of the solution. This of
course depends on the smooth properties placed on the

initial condition and forcing term.

Most of the studies on flutter suppressions are
based on finite dimensional L-Q-R theory. The major
problem with those approaches is that the control law may
not be able to stabilize the original system even though
it stabilized the approximating system. Hence we are

forced to deal with the complex original system.

Pirst, we consider the input-output stadbility

4
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problem in the reflexive Banach space framework, then we
modify the function Q(t) near origin such that Q(t) will
be in L2
theory in Hilbert space to obtain the optimal feedback

O,®). Then we use the machinary of L-Q-R

control law by solving algebraic Ricatti equations in
Hilbert space.

Obviously this research needs to be continued in
various directions. One extension would be replacing in-
compressible case to compressible case of the aerodyna-
mics. Another extension can be the replacement of lumred

structural dynamic model by distributed parameter system.

Finally, we can see that all the control theories in
Hilbert space or Banach space so far do not quite fit our
needs for aeroelastic systems. Hence one of the most
urgent extensions would be in the control theoretic

aspects.
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APPENDIX A
CALCULATION OF THE LIFT

We have in chapter 2 (see Balakrishnan, A.V. and
Edwards, J.W. [7]):

1
p=J P(x,t)dx
-1

1 a (1 (x
= (-p){j-luva(t.x)dxfg-{j_lj_lva(t-y)dy dx

1
.,=(~p)|ur(t)-%;j l""a(t"‘)d" e ' (1)}

Consider
1 1 1l
9 2 ’ l-x ’ lex
-a-fj-lea(toX)dx.:I-l’ Tex X dxj-l T

g

9
‘ 33 wa(tlk) . 8 (1l 2 [1-x x H(r,x)ax
— 3t }o). " VIsx 2v

. r.(t~‘r)d‘l‘ !Tl * T2

Now

9
1 Tow 3% Yalter) 1
led 3t "a ) lep 1 -
I I-p. X - .J'-l :p X=H ("h (t)




- (g=a)a®(t) - Ua"(t)dLs \%xi

(-(L-c)e "(t) - up'(t)dL

= +7h®(t) - (am-m-mx)a"(t) ¢ Ume'(t) + (cos lc

4.V1-c2)ﬂ"(t) ¢ (x=-c)(cos™ e OVC:§ZE-Log J.] )8"(t)
+ Up'(t) (cos~1e +\F:%§§-Log 1)

where

L =1 y; iil+xz 3E1¢ciil-x2
& |l ogl V(I-C)(1¢X) - V(1+c)(l-x) l

Ni-c? 1

f—-l_xz X=C

d =
'a; Log lol— -

and where we note that

1 1l
S x(1+x>J-—l:5 dxs= 0; .‘ 1 x logl-ldx-% c l-czc

-1 lex -

1 . »3/2 11
j N x(x=-c) log |. | dx= g (1-c”) ,I 1 x(x=-c)

. l-x “ﬂ’ 1 l_x -
\/ l+xdx z(l‘rC)s I % dx—-%

-1 lex

Hence
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7= -vh"(t) + (am)a"(t) - Uma'(t) + (c cos™le-y1-c2

+ % ( l-c2)3)p”(t) + U(c\/l-c2 - cos'lc)p'(t)

Next

rt (1
) 2 l l=-x 1
TZ- a' t j-l a Lox X (‘ 2'-'.",) H (Yax)dx I"(t-‘l)dY

"% J, (1 ¢+ Ut -\[ (1e02)2-1)1° (£-2)az
Hence
P=(~pP) Ur(t) ¢+ Una'(t) - U(c\‘l-c2 - cos'lc)ﬂ'(t)
+7h"(t) - ama"(t) = (%(V l-c2)3 + ¢ cos~lc
—=. t .
- l=-c )ﬁ"(t) - g—tIO 03(1:-5)[3.2(5)Jd6

where

1
2.2
Cj(t)-rjo cl(t-G)(Ué - \/U 6% ¢ 206)d6

. ‘
|

.,
»

"o PRI T R R R R A S0 (" " LI Sl KL U N N R SRS S Y S T R -.~..-'-'_.-s-..'..-J
.':h':;l;‘:\'.hiﬁ;ﬁi‘lﬁﬁﬁ\:’iﬂm& m;l‘mtﬂn‘ :&&};‘.{:ﬂ.{;‘fQ.'C&{ti\i\'.\(\(‘h{\'s\{\':ﬁfﬁ'{hl'; RSLYEREHESE Y



o SN N g Py T

We have:

M= (-P)(

= (-p)(

r1l

"1

o

2
+ r'(t) 1&%&1— )-

s .
- 37 0 H(eyx)T (t-e)de)dx

™

-1

‘Sl 2 lex
lex

1 2
U(x-a)ya(t.x)dx-g¥ .[ 1 x;a Ya(t.x)dx
1l 1
j (x-a)Ya(t,x)dx--ar(t) +S xya(t.x)dx
-1 ’

1 1 1l w (tog)
2 l=x 1
Jmaceecs [ A ([ S o

APPENDIX B
CALCULATION OF THE PITCHING MOMENT M

s (1 x
(x-a)nva(t.x)duﬁ-j l(x-a)j- lya(t.y)d;a

1 w_(t,) t
x dxs e g, 'Io((l.un)

-1 1-n

-V u2n2a2un)r* (t-1)an

t [ ]
= T, + (r(t) - P(O))f.[o c3(t-U)EB.Z(U)]dU .

81

I
PR N L APV B L P “L - - L2 I P ) el - S - T _w ) - g ™, LN e
o e T e T TG G S R e S Ty :am:»}.m-;\mj



.........

1 1
Tl-j %l_ﬂ X{I /——:“—n{-h'(t)-(n-a)a'(t)
-1 lex =1 1l-n

~Ue(t) } S |

1
140 ) /o yar - dn
+J—c‘%) (n-c)p’ (t) Up(t)$ o } ax

1
=j 2/ x it (8) + Valt)) - Ta-dox)ot (1)
-1 X

+ U (cos'lc + lfﬁ logl])p(t) + {(cos'1c+ Jl-cz)

1
= + (cos™lc ¢ —32X 1og|-|)(x-c)} B (t) } dx
>:~: l"x
F = =%w(h'(t) + Ua(t)) ¢+ wae'(t) + U(-cos'lc * ch-cz)

- B(t) ¢ {c cos™1c -~ %(sz) Jl-cz}ﬁ'(t) .

Next, the "non-circulatory" terms (that is, terms not
iz containing T(t) ) in:

®

< [l S s

1

- = s_l,% % (x-a)? {a(n"(£) + Ve (1)) - W(a1ex)

« a"(t) + (cos™Lc ¢/ i’x log |«] Jp'(t) + (cos™1c
-x




]
. 22 108 || )(x-e)e" (1)
- -x
= 1a 382 . 1
o = (-z--ra +a)w(h" (t)+Ua’ (t)) + w(g-3-a”-5-)a"(t) + U{(E
o 2 —
+a¢a2)cos 1. . (3¢2a2 Zg 2ac) l-cz}g'(t) f-{(cos'lc
.‘ + 1 l-cz(%c-az-oa) J l-c ('+ac -6a%c-c -’+a- )
£ ,
% - cos'lc(a%—q»g-o%d»azc)}e"(t)
"j ’ Hence
- t
M= (-p){-aUT(t) + U{r(t) - T(0)} + U So e5(t=n)
\ [B,2(n)]dn + U{-nh'(t) - Ua(t)m 4 waa’(t)
+ U (-cos Lesc Jl-cz)e(t) + (c cos'l-%-(Zocz) 1-c?
2
= Br(t)}e LB ro(t) - (FraZea)m)nn (t)eUa (1))
bl
L 2
"' - w(%—%-aj-%—) «"(t) - U{(%faw.z) cos™lc o (%4.232
2 o 2
.-_‘-r "’T -2ac) -02}3 (t) + {(cos™1c (%*%—-%-azc-ac)
Ny
“~ 3
, [1-02 (1,02,2..1..2.1 2 _ "
:“ 4 7¢l=c (ra og-aogac -za c %2-2.&) ’B (t)...
:‘::f
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+ %-t- %Iz{% ﬁl(x—a)zl 1oy H(U.x)dx}r'(t-U)dU}

lex

where the factor in square brackets in the integrand in

the last term is

1
l-z-so(x-a)zl 1-x H(v,x)dx
b ¢

lex
= (% z¢el _ 52, , Jzz-l) + 2a(z- Jzz-l)
z-1
» a2 zsl _ 1) .
z=1

It is also possible to split the circulatory and non-
circulatory terms in yet another way. Thus by not splitt-

ing

1 1
j (x—a)va(t.x)dxﬂ-ar(t) +§ lxya(t.x)dx

but directly calculating the left side, we have:

1l
I_l(x-a)va(t.x)dx =T3 + T

1
T3=§ ZJLX (roapfnt (1) + mUa(t) w (1-x-a)et () +
-1 lex
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+ U(cos™Le +f—22X 10g 1| )a(t) + {(cos™le » {1-c?)

l-x

+ (cos~lc of i‘x log Il )(x~c)}8* (1) Yax

=X

= -(le2a)mUa(t) - (1+2a)vh'(t) + 2a%wa’(t) + u((-1
-2a) cos~ic + (c-2a) Y1-¢?)B(t) + {(cos'lc #«jl-cz)

- (-1-2a) + 2cos™Lc (ac+%+%+%) + %-ll-cz(l-c2+3ac)}

. ﬁ' (t)

This

t [ 2 - / Ry
T,=+ 2% 50{2- zz-l +a z=1 _ a}r *(t-0)de,

z-1

yields:
M = (-p){UZ(-l-Za)wa(t) + UZ{(-l-Za)cos'lc
+ (c-22) 41-c2 }B(t) - U(1+2a)mh' (t) + 2Uaw o’ (t)

* U{%”Jl~c2(1-cz*3ac) + 2cos'1c(ac¢%4%4%) =(1l+2a)
(cos™lc + Jl-cz)}p'(t) - (%’azfa)luef(t)

3 [
- U{(%faoaz)cos'lc * (%¢2a24g§—-2ac) 1-c%}p* (¢)-
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2
(-+a +a)wh"(t) - r(%—%-aB-éL)a"(t) - {(cos'lc

=
' =
X

)

J )(—*a +a) ¢ 11—2 l-cz(bac2-6a2c-c3-l&a-%)

+

v
L]

2 2
(cos™1e) (a+a—2~g¢%‘a2c+ac g (t) + -Q"—Z‘)—r' (t)

o e t
v r(z- / z2-1+a£§a)r'(t-e)de + % g—tjo{%
. 0 2-

+
T
£ &
o 2 2 -
WS i (-p){ui(-1-2a)ma(t) ¢ U {(-2-2a)c08™c + (c-20)

e

Jl-cz}ﬂ(t) - U(l+2a)mn’ (t) + Um(a®-a-F)a* (t)

* U{(-étBac-Za-Zaz -3 g—%—)“ -c? + (2ac+c-%—2a-a2)

EAYR N ‘\."-|". ¢
[ *.‘. k.' o"'?":’.‘;"l':’l."'-‘

o 2
L °°S-lc}ﬂ'(t) -{(%-%— -a2c-ac)cos™le ¢ Jl-cz(%q. 2
(X

»:.l:_'- 2 1 2 ﬁ 03 ¢ 1- 2 .

. Barfac? 22 Frilpn(t) » Lhore(0)

'L
hh KR

‘e t [ ol

K * UI (z=- 22-1 +a z31 -a)r*(t-r)de «
- 0 J z=-1
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h)

t = 5
+ g_tjo %’%1@- z2 ¢ 2z zz-l + 2a(z- zz-l)

z-l

v az(i—ﬁtl-1>}r'(t-p>ap}
z-1 .

=

The last two lines may be written as

. t %
LAt} s u | cu(t-0)[B.2(pdr ¢ Ua | (2-c,(t-0))
2 o o4 o C2

t
[B,(r)ldp + g—t-{%Io(l-cz(t-p)[B.z(p)]dp + £7(t)
1t t
* ES c5(t-p)[B.z(p)]dp + aj cy(t- P)[B,z(e)] dr
0 0
2
+ %—[B.Z(t)]}

t
= So{%"l(""’) + Ucy(t-P) +Va(l-cy(t-p)) }[B.2(p)] ar

t 2
*+ %? So{(%’%_) = %cz(t-p) . ac3(t-9) . %CS(t'p)}

-[B.2(P)]ar

where

t
cu(t )= Iocl(t- P)(1-Up- JUZ 92920 P) de
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t 2 2 2
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APPENDIX C
CALCULATION OF THE FLAP MOMENT Mp

We have:

1l
N =I (x~c)P(x,t)dx
B Je

“.l
N

T %

[27.2,7,

rl

»
\
-~
!
o
~
—g

1 1
U(x=c)Y_ (t,x)dxe -c)ax| Y. (t.y)d i
Je (x=c)v, (t,x) matIC(X c) xj_l a(tey)dy

rl

2 (1
cU(x-c)Ya('l:.x)dx-r%:- -(1—22)— I-lYa(t. y)dy

3 1iyoc)?
.'_.- a X=C
S - ot L 2 Ya“’""“"*

R

R o
‘eta A'LL' . A

1 2
= (-P)iU S (x-c)Ya(t.x)dx4-(-]';—°)-r(t).%.
c

ol dat Jua s
ONA \ AR

I f.l’ln

PR W'Y

1
. -g—tJ‘c(x-c)ZYa(t.x)dxz .

Now

du

ll lev wa(t'u)
-1 -y X=V

1
lev (=h'(t)=(v-a)a*(t)-Ua(t
.S-l/____T_:.L_(_).E&TL_LLD_L).ldU .
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The first term is equal to

wh*(t) - w(a=l=x)a"(t) ¢ Uwa(t)

Next let
1 1r
% S (x-c l:l-x dxj. 145 das =Fl(¢)
c lex 0 1-%

j (x-c 1 Pc-i—’-f’- 725 48 =Fyle)
*X JC -6

Now let us define

1 f"“'
H(o)= % s (x-¢)J—2=X H(e,x)dx
c lex
- (-2) j .(J)-/ 1-x dx

1
= (-2)/—22d ﬁ /—1"‘ (1-323)ax }
2=l (Jc lex

X=-2

s ( 2)/ z’lzcos c- Y1-¢c -(z-c)cos -1¢

2(z-1)(z-c) 4o--1. d(1-c) fged
' z2_1 J(10c Jz-1 ‘

z-l

........................
. -
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Hence

1
S (x=c)v,(t,x)ax
(o]

1
= 2 S (x-c -—%:Z(uh'(t)oﬂ(x-l)a'(t)faua'(t)
c +*X

+Ura(t))dx-(F,(c)~cF,(c))p’' (t)-UF, (c)B(t)
t
-%;»so Hy (1) T* (4=n)dn
= 2(h* (t)-aa’ (£)+Ua(t))((14§) Y1-c2-(cod)cos™Le)
2
¢ 135 {1-ccos™Le fa* (£)-(7, (c)-c, ())p* (1)
1 (¢
- vrg(ep(e) - 5 | mor enay,
Next

1 2
I (x-c) Ya(t.x)dx
¢

1
= % Io(x-c)zf_—l_—-l'x (wh'(t)-awa' (t)eUna(t) )dx
>

*

1
v 2 L(x-c) L (xel)ax e (¢) = (By(c)-cqy(e))-
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1 (t
8 (0) - Ugg ()8t - &5 [ (0 e-tiay

where

1
Hy(o)= %»gc(x-c)z 3= n(onx)ax

1 1
o o P T 2

14x

1
2 2 lon ﬂ
g (C)S—S (x-c) I dn
2 o c lox -N X=n .

First term is equal to

2hy(e)(h'(t) - aa'(t) ¢ Ua(t))

Second term is equal to

th(c)a'(t).

Next

1
Hy(o)= %Ic(x-c)zf 1-x Hé,x )dx

lox

= (-2)( S .(ﬁ'.c.)_z dx)/

lex g-l

"'amr Tox %%ﬁ{-x-zxoz}dx
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o b: (z- c) (-cos™ 1o42-2 )

"‘. J 2 l (1“:) z‘l

. —.  —= 2

4+(z~2¢c)(cos” c l-c Ja( l-c )-Ecos c-—%c—}

L

108 S | 1 1

" = (-4)(z-c)tan” __(;c)_Cz_#_ Zf—z’ (z-2¢-(z-c)?-1

_.;:, cos1c o (l*Zc-%-Z) / l-ci} .

2::31 Hence putting it altogether we have:

}‘:: M , -

,_\‘ -(%)-' U((2¢c) 1-c2-(2041)cos lc)(h'(t)-ac'(t)+

+ Ua(t))

-~
o
2 '.;..'d,

IS
PR el It AR
*
(=1
N

(%.g—) l1.¢2 - ¢ cos'1c$a'(t)

hy
,‘i . A
L:

~U(F,(c)=cF, (c)) 8* (£)-UZP, (c)B(t)

t 2
._~-;. - % [ o -va 5l b 6)ony ) (1)

A (c)-cg,(c)
0 -aa"(t)fUa'(t))-hz(c)a"(t)f(g—z-j—sl—-)s”(t)

. i 1,1.,0 (*
b +381(c)8' (t)+5(37)5% Io Hy(v)r* (t=v)dv
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1

.:‘ = (-p) Uzg(bc)“ l-cz-(ch)cos'lc%a(t)-szl(c)B(t)
X

-. +U{(2¢c)" l-c «(2c+l)cos” c}h'(t)ﬂ){(re*ﬁ- )J l-c
{-: -1 . gl(c) .

2 -(143e)c08™ e-h (o) o (£)+0{=Lo— (£, (0)-cf(c) 8 (1)
=h) (c)n" (£)+(ah; (e)-h,(c) o™ (+)+3(g,(c)-cgy (c))p™ (t)
> t t

b1 - ‘2’—""’ Hy (V)T (t-0)due} 3= %%-s Hz(U)r'(t-u)duz

e 1

‘. h, (c) =S 1% (x-c)2ax

%4 0 lex

3

Y (;1-27"'—’2-‘3 Yeos™ 1o - %(Zc o9cel) ¥1- .

1
hy(c)a so,%(x.l)(x-c)zu

2 3 [ 2
-(% 0%) cos~lc & (f-?%%c) (1-c?)
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APPENDIX D

EQUATIONS OF MOTION

The equations of motion of typical section shown in

fig.2.1 are derived from Lagrange's equations (see

Edwards, J.wW. [1) )
a3 - 2 (pv) =
dt 56; (T V) + aqi (T V) Qi

where the Kinetic energy is

1
T=%S 2%p(x) dx .

The airfoil deflection is

za=:-h-(x-a)d - (x~c)pU(x=-c)
The potential energy V is
v= %(khhzmaq"mﬂ %)

Thus

T=%{m 52*1,,&2+1352}+ Sq ha+ Sp hie{Ige (c-a)fa B

Substituting T and V into the Lagrange's equation, we get

the equations of motions

mh + S, & + Sﬁbokhh-l’
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S,heI de {Ip+sa(c-a)}§ + Ko=M_

sgh + {Tgesg(e-a)}ii + 1,8+ kyp=my
Let
h| P
X=14 ’ L= Ma

Then the equations above can be written as:

(] * L
Msx + Bsx + stsm .
where
1 Xy xB
2 2
Mg=| x, T, rB +x8(c-a)
2 2
xB rB +x8(c a) rB
2
=nh 0 0
2 2
Ksz 0 l’d wd 0
2 2
0 0 r
ho P wB
[0 0 O
Bs= 0o 0o 0
0 0 2rlg
N 8 B L ]
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